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The astrophysical S-factor of E1 transition for 12C(α,γ0)
16O is discussed in the R-matrix theory.
The reduced α-particle widths of the 1−
1
(Ex = 7.12 MeV) and 1
−
2
(Ex = 9.59 MeV) states are
extracted from the result of the potential model. The formal parameters are obtained without the
linear approximation to the shift function. The resultant E1 S-factor is not strongly enhanced by the
subthreshold 1−
1
state if the channel radius is 4.75 fm. The calculated β-delayed α-particle spectrum
of 16N and the p-wave phase shift of α+12C elastic scattering are also found to be consistent with the
previous studies. The small channel radius leads to the low penetrability to the Coulomb barrier,
and it makes the reduced E1 S-factor below the barrier. Owing to the large reduced width from
the molecular structure, the R-matrix pole of the 1−
2
state is shifted in the vicinity of 1−
1
. The
proximity of the two poles suppresses the interference between the states. The transparency of the
α+12C system appears to be expressed as the shrinking strong interaction region.
PACS numbers: 25.40.Lw; 24.30.-v; 26.20.Fj
I. INTRODUCTION
The C/O ratio at the end of the helium burning phase
determines the fate of stars, and it affects the various type
of the nucleosynthesis after the helium burning phase.
The C/O ratio is controlled by the 12C(α,γ)16O reaction.
So, the 12C(α,γ)16O reaction is thought to be a key reac-
tion of the nucleosynthesis of heavy elements. However,
the determination of the reaction rates for this reaction
has the experimental difficulties. The most important en-
ergy corresponding to the helium burning temperature is
Ec.m. = 300 keV [1]. (Ec.m. is the center-of-mass en-
ergy of the α+12C system.) This reaction energy is too
low to reach by the present laboratory technology. When
the reaction rates are estimated, the low-energy cross sec-
tion is extrapolated from the available experimental data
by the theoretical model to cope with the unknown tiny
cross section due to the Coulomb barrier.
In the analyses, the α-particle width of the subthresh-
old 1−1 state at Ex = 7.117 MeV in
16O has been be-
lieved to be essential to determine the E1 cross section
at Ec.m. = 300 keV. (Ex denotes the excitation energy.)
The 1−1 state is described by the particle-hole excitation
in the shell model (e.g. [2]), and it is located at the ex-
citation energy just below the α-particle threshold. Be-
cause it is a bound state, the 1−1 state does not have a
decay width for α-particle emission, but a reduced width
describing the probability of the α-particle at the nu-
clear surface. The reduced width is obtained from the
α-particle spectroscopic factor or the asymptotic normal-
ization constant (ANC) [3, 4]. To estimate it experimen-
tally, the indirect measurements (e.g. [5–7]), including
the β-delayed α-particle spectrum of 16N (e.g. [8–14]),
have been performed recently. The direct measurements
of γ-ray angular distribution have also been performed in
[15–22]. In addition, the cascade transition through the
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1−1 state [23–25] has been measured, and the α+
12C elas-
tic scattering has been investigated in [26–28]. In spite of
all these experimental efforts, the reduced width and the
E1 cross section have not been understood satisfactorily
yet.
The surface probability of α-particle originates from a
component of the α+12C configuration in the 1−1 state.
Especially, the 1−2 state (Ex ≈ 9.585 MeV) is described
by the α+12C cluster structure [29–34], so that the cou-
pling between 1−1 and 1
−
2 is thought to play an important
role in the low-energy extrapolation of the E1 cross sec-
tion. If the strong interference between two states hap-
pens, the E1 cross section will be consequently enhanced
by the 1−1 state at low energies. The R-matrix theory
(e.g. [35–41]) is used as a popular method to describe
the state coupling in the 12C(α,γ)16O reaction.
It is, however, pointed out that the α+12C system has
an inherent problem on the definition of the channel re-
gion in the R-matrix method [42, 43]. The excitation
function of α+12C elastic scattering below Ec.m. = 5
MeV is expressed as potential scattering without absorp-
tion [31]. This means that the α+12C system is almost
completely transparent in the entire radial region. On
the other hand, the R-matrix theory assumes the spher-
ical strong interacting region with the sharp-cut edge.
The compound nucleus is formed inside the sphere. The
α and 12C nuclei are well-identified outside the sphere.
In general, the channel radius ac corresponds to the ra-
dius of the strong absorptive region or strongly interact-
ing region. Therefore, the value of ac is not defined on
firm ground for the α+12C system. None the less, one
may think that the R-matrix method works effectively
if the boundary condition is adjusted so that the α+12C
configuration becomes dominant in the 16O nucleus. The
large dimensionless width to the Wigner limit is expected
from the dominant α+12C configuration. This gives the
large reduced width at a short ac. Meanwhile, the large
reduced width for 1−2 has been reported to lead a de-
fect unexpectedly in the linear approximation of the res-
2onance parameters [35]. From the imperfection in the
available range of ac, one may surmise that the popu-
lar value of ac is not better in the optimization. In the
calculable R-matrix method (e.g. [44, 45]), the internal
wavefunction is generated by the variational method in
order to reveal couplings with other degrees of freedom.
From the transparency of the system, the weak cou-
pling between α+12C and other configurations can be
expected in 16O. In my previous articles [42, 43], the re-
duced E1 S-factor has been predicted with the potential
model. The S-factor is used conventionally, instead of
the low-energy cross section, to compensate for the rapid
drop below the Coulomb barrier.
In the present article, I illustrate the reduced E1 S-
factor of 12C(α,γ0)
16O with the R-matrix theory. The
p-wave phase shift of α+12C elastic scattering and the
β-delayed α-particle spectrum of 16N are also calculated.
The input reduced α-particle widths for 1−1 and 1
−
2 are
extracted from the wavefunction in the potential model
[29–31, 42, 43, 46, 47]. In addition, the higher-order cor-
rection to the linear approximation of the resonance pa-
rameters is examined because the large reduced width is
adopted [35, 38]. The purpose of the present article is to
exemplify the reduced E1 S-factor at Ec.m. = 300 keV
by the R-matrix method and to assess the sensitivity to
the channel radius.
In the following section, I describe the difference be-
tween the present model and the widely used R-matrix
method. In Sec. III, I illustrate an example of the re-
duced E1 S-factor. I also show the corresponding results
of the β-delayed α-particle spectrum of 16N and the p-
wave phase shift for α+12C elastic scattering. After dis-
cussing the sensitivity to the channel radius, I summarize
the present article in Sec. IV.
II. RESONANCE PARAMETERS IN R-MATRIX
I use the conventional R-matrix method in the present
article. In this section, let me describe two differences
from the previous R-matrix method of the 12C(α,γ0)
16O
reaction. One is the estimation of the reduced α-particle
width, and the other is the correction for the linear ap-
proximation of the resonance parameters. The R-matrix
theory used in the present article is described in Ap-
pendix, and the detail can be found in [35–41].
The four 1− states, 1−1 , 1
−
2 , 1
−
3 (Ex = 12.44 MeV),
and 1−4 (Ex = 13.09 MeV) [48], are included in the R-
matrix calculation. The reduced α-particle width γnL is
labeled with n and L. L is the angular momentum of the
relative motion between α+12C. n is the ordinal number
of the state with L in order of the excitation energy. The
reduced α-particle width for the subthreshold 1−1 state is
obtained from
γ211 ≈
~
2
2µac
C2
∣∣W−η,3/2(2kbac) ∣∣2 , (1)
where C denotes ANC, C2 = 5.0 × 1028 fm−1 [5–7, 42].
W is the Whittaker function. η is the Sommerfeld pa-
rameter. kb is the wave number of the bound state,
kb =
√
2|Eb|µ/~2; µ is the reduced mass; Eb is the bind-
ing energy. In the conventional R-matrix method, the
internal wavefunction is not calculated by solving the
Schro¨dinger equation numerically. If ac is small, the γ11
is more appropriately given as
γ211 =
~
2
2µac
Sα |ϕB(kbac) |2 , (2)
where Sα is the spectroscopic factor. ϕB is the bound
state wavefunction generated from the potential [42] re-
producing the α-particle separation energy. It is noted
that the reduced width is estimated only from the wave-
function at r = ac. γ
2
11 is independent of the radial node
of the wavefunction in the internal region. I use this
value as a guide of γ211, instead of Eq. (1). The same
discussion can be made with Eq. (1). The 1−2 resonant
state is a member of the α+12C rotational bands. The
reduced α-particle width γ221 is obtained from the wave-
function of potential scattering at r = ac [31, 42], and it
is given in the similar expression to Eq. (2) with Sα = 1.
In the calculation, the asymptotic form of the scattering
wavefunction is defined as
χPML (ki, r)→eiδ
N
L
[
FL(kir) cos δ
N
L +GL(kir) sin δ
N
L
]
,(3)
where FL(kir) and GL(kir) are the regular and irregular
Coulomb wave functions, respectively. δNL is the nuclear
phase shift. ki is the wave number, ki =
√
2µE21/~2.
EnL is the observed resonance energy. E21 is adjusted
within E21 = (2.423± 0.011) MeV. The normalized scat-
tering wave is give by ϕS(kir) =
√
2/(pi~v)χPML (ki, r). v
is the velocity of the relative motion between α and 12C
nuclei. The observed α-particle width ΓnL is defined in
ΓnL = 2PL(EnL, ac) γ
2
nL, (4)
where PL is the penetration factor defined in Eq. (A7).
The example of the penetration factor is shown in
Fig. 1(a) as a function of ac. The ac modulates the bar-
rier penetrability, that becomes low when ac is small as if
the Coulomb barrier is high. In order to take account of
the contribution from 1−3 and 1
−
4 at the high excitation
energies, γ31 and γ41 are included within Γ31 = (92± 8)
keV and Γ41 = (45± 18) keV [48]. To examine the state,
the dimensionless width θnL is defined as
θ2nL =
γ2nL
γ2W
, (5)
where γW denotes the Wigner limit, γ
2
W = 3~
2/(2µa2c).
The resonance parameters in the R-matrix theory are
different from those in the Breit-Wigner type of the ex-
perimental resonance. The formal resonance energy E˜nL
and formal reduced width γ˜nL of the nth pole in the R-
matrix theory are defined in the linear approximation for
the single pole as
E˜nL = EnL + γ˜
2
nL∆L(EnL, ac), (6)
γ˜2nL =
γ2nL
1− γ2nL∆′L(EnL, ac)
, (7)
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FIG. 1. Utilized Coulomb function. (a) Penetration factor PL
defined in Eq. (A7) as a function of the channel radius ac. The
solid curve is obtained with Ec.m. = 2.434 MeV and L = 1.
The large ac makes the high penetrability of the barrier, i.e.
it corresponds to the reduction of the Coulomb barrier. (b)
Higher-order correction term QnL(Ec.m., ac) in Eq. (9) with
ac = 4.75 fm. The solid curves are calculated for the 1
−
1
and
1−
2
states. Qn1 = 0 is used in the linear approximation to the
shift function.
where ∆L is the shift function in Eq. (A6), and
∆′L(Ec.m., ac) = d∆L/dEc.m.. To obtain Eqs. (6) and
(7), ∆L(Ec.m., ac) is expressed linearly at EnL. By this
approximation, both formal and observed parameters are
independent of Ec.m. in [40]. Although it may be widely
used in the R-matrix code, the linear approximation is
valid only when the reduced width is narrow. In the
present article, the 1−2 state is expected to have the large
reduced width due to the α+12C molecular state. So,
this state cannot be treated in the conventional proce-
dure [35]. To treat the 1−2 state accurately, I introduce
the higher-order correction to Eq. (7), as follows:
γ˜2nL(Ec.m.)
=
γ2nL
1− γ2nL∆′L(EnL, ac) [ 1 +QnL(Ec.m., ac) ]
, (8)
QnL(Ec.m., ac)
=
1
∆′L(EnL, ac)
(
∆L(Ec.m., ac)− ∆¯nL(Ec.m., ac)
Ec.m. − EnL
)
= (Ec.m. − EnL) q0
(
1 + q1Ec.m. + q2E
2
c.m. + . . .
)
, (9)
where ∆¯nL denotes the shift function in the linear ap-
proximation. qm (m = 0, 1, 2, . . .) are the coefficients of
the expansion. If the reduced width is narrow, the for-
mal reduced width is found to be almost identical to the
observed reduced width, γ˜2nL ≈ γ2nL. In contrast, the
formal resonance parameters are varied on energies with
QnL(Ec.m., ac) if the observed reduced width is large.
This means that Eq. (8) bears the deviation from the
assumed compound nuclei in [40]. The higher-order cor-
rection term of Eq. (9) is shown in Fig. 1(b). The solid
curves are the calculated values for the 1−1 and 1
−
2 states.
QnL = 0 is used in the linear approximation. The linear
approximation is confirmed to be available only around
EnL. The formal energy E˜nL of the nth pole including
QnL is defined in
E˜nL(Ec.m.)
= EnL + γ˜
2
nL(Ec.m.)∆L(EnL, ac) [ 1 + dnL ], (10)
where dnL is a parameter stemming from the multi-poles
in the R-matrix. dnL is adjusted self-consistently so as
to satisfy the relation of
∆L(EnL, ac)RL(EnL) = 1, (11)
where RL is the R-matrix defined in Eq. (A8).
III. RESULTS
In this section, I illustrate an example of the re-
duced E1 S-factor of 12C(α,γ0)
16O by using the R-matrix
method. In addition, I show the corresponding results of
the β-delayed α-particle spectrum of 16N and the p-wave
phase shift for α+12C elastic scattering. After discussing
the example, I assess the sensitivity to ac in the E1 S-
factor.
A. An example of the reduced E1 S-factor
The solid curve in Fig. 2 shows an example of the
reduced E1 S-factor from the R-matrix method. The
resonance parameters used here are listed in Table I.
ac = 4.75 fm is used as the channel radius. It should
be noted that the subthreshold 1−1 state is explicitly in-
cluded in the calculation. The arrow indicates the as-
trophysical energy corresponding to the most important
helium burning temperature. From Fig. 2, I find that
the E1 S-factor is not strongly enhanced at low ener-
gies, even if the subthreshold state is included. In this
example, the E1 S-factor is approximately 3.6 keV b at
Ec.m. = 300 keV, which is different from the recent es-
timations: e.g. (100 ± 28) keV b [5], (84 ± 21) keV b
[14], (80 ± 18) keV b [49], and (98 ± 7) keV b [50], as a
foregone conclusion. The dashed curve is the result [42]
from the potential model. The present result seems to
be consistent with the potential model. The calculated
values around Ec.m. = 1.5 MeV deviate from the experi-
mental data. However, the reduced E1 S-factor appears
to be advocated by the recent γ-ray angular distribution
of 12C(α,γ0)
16O [15, 16, 42].
4TABLE I. Resonance parameters used in the R-matrix method for ac = 4.75 fm. The EnL and γnL are the observed resonance
energy and observed reduced α-particle width, respectively. The values of En1 are taken from [48]. γ11 and γ21 are derived
from the potential model. The ΓnL and θ
2
nL are the α-particle width (Eq. (4)) and the dimensionless width (Eq. (5)). The
E˜nL and γ˜nL are the formal resonance energy and formal reduced α-particle width, respectively. The E˜nL and γ˜nL at EnL are
listed, and they are the same as those in the linear approximation. The α+12C threshold in 16O is located at Ex = 7.162 MeV.
Lpin EnL (MeV) γnL (MeV)
1/2 ΓnL (keV) θ
2
nL E˜nL (MeV) γ˜nL (MeV)
1/2
1−
1
-0.0451 0.345 0.128 -0.0392 0.355
1−
2
2.434 0.850 432 0.780 -0.715 1.359
1−
3
5.278 0.150 100 0.024 5.267 0.150
1−
4
5.928 -0.073 28 0.006 5.926 -0.073
The corresponding β-delayed α-particle spectrum of
16N is shown in Fig. 3. The solid curve is the present re-
sult from the R-matrix method. The β-feeding amplitude
for the 1−1 state is obtained from the β-decay branching
ratio (Eq. (A20)). The amplitude for the 1−2 state and
background are optimized so as to fit the experimen-
tal data [8, 14]. The resultant values are B11/
√
Nc =
1.30, B21/
√
Nc = −0.977, and Rβ1/
√
Nc = −0.276
(MeV)−1/2. The dotted curve is the result for ac = 6.5
fm in Ref. [8]. The f -wave contribution is not included in
the present article. This is because the predominance of
L = 3 component cannot be found in the α+12C contin-
uum state at Ec.m. ≈ 1.3 MeV [43]. The present result is
consistent with the published results [8, 14]. The nuclear
phase shift of L = 1 for elastic scattering is displayed in
Fig. 4. The solid curve is calculated from the sum of the
R-matrix phase shift (Eq. (A11)) and hard-sphere phase
shift (Eq. (A10)). The dashed curve is the result [42]
obtained from the potential model. The present result
appears to be concordant with the dashed curve and the
experimental phase shifts [26, 28].
The formal reduced width is shown in Fig. 5. The dot-
ted lines are obtained from the linear approximation at
the resonance energies. The higher-order correction Qn1
of Eq. (9) is included in the solid curves. From Fig. 5,
the value of γ˜11 is found to be identical to the dotted
line of the linear approximation. In contrast, the value
of γ˜21 varies with Ec.m. around the constant of the lin-
ear approximation. This is because the observed reduced
width is large. So, I confirm that the linear approxima-
tion for the 1−2 state does not work well in the R-matrix
calculation with ac = 4.75 fm. Probably, the linear ap-
proximation worked well in the previous R-matrix anal-
yses because the value of γ21 was relatively small around
ac = 6.5 fm. Conversely, one might say that the channel
radius should be set at ac ≥ 5.5 fm in order to ensure this
approximation, as the approximation seems to be imple-
mented almost implicitly in the R-matrix code. Ref. [35]
also points out that linear approximation is not valid be-
low ac ≈ 5 fm. The β-delayed α-particle spectrum of
16N is sensitive to the reduced widths of the 1−1 and 1
−
2
states. The reduced widths and the E1 S-factor were
assessed with this sensitivity (e.g. [8–14]). If the large
reduced width was taken into account, the E1 S-factor
might have been reduced further from the popular eval-
uated value.
If the linear approximation is not valid, the formal
and/or observed width depends on energy because of
QnL(Ec.m., ac) in Eq. (8). I assume that the observed pa-
rameters are energy-independent because it is quite rea-
sonable that the experimental nuclear structure data is
energy-independent. So, the formal parameters are var-
ied on energies, as shown in Fig. 5. This may not appear
to be allowed by the definition in [40]. However, there
is no large difference from [40] even if the observed pa-
rameters remain energy-independent. In fact, the wave-
function satisfies the orthogonality in the internal region.
Conversely, the observed parameters depend on energy, if
the energy-independent formal parameters are adopted.
i.e. the Breit-Wigner parameters depend on energy due
to QnL(Ec.m., ac). The derived energy-dependence seems
model-dependent.
The derived R-matrix multiplied by ∆L is illustrated
in Fig. 6. The solid curve in Fig. 6(a) is the total com-
ponent obtained with dnL = 0 of Eq. (10). The peak
corresponds to the formal energy, and the energy posi-
tion of ∆LRL = 1 corresponds to the observed energy.
The pole of the 1−2 state is located beneath the α-particle
threshold, because the large energy shift is generated by
the large reduced width of the α+12C molecular state.
The dotted curve represents the pure single pole com-
ponent of the 1−1 state. The energy E
s
11 in Fig. 6(a)
indicates the observed resonance energy of 1−1 in the sin-
gle pole approximation. However, this energy position is
shifted lower by the interference with the broad 1−2 reso-
nance. Consequently, the calculated E11 from the whole
components of R-matrix is different from Es11. So, E˜11 is
re-defined with Eqs. (10) and (11), so as to make the ap-
propriate energy of E11. The resulting R-matrix is shown
by the solid curve in Fig. 6(b). d11 = −1.0133 is used,
and the γ˜nL and E˜nL at EnL are listed in Table I. The
narrow peak of 1−1 is on the broad resonance of 1
−
2 . In
addition, the pole of 1−1 is located in the vicinity of 1
−
2
below Ec.m. = 0. The interference between two poles is
weak. The proximity of two poles seems to suppress the
interference. The 1−2 resonance dominates the R-matrix
below the barrier. This weak interference reduces the
contribution from the subthreshold 1−1 state.
The suppression of the interference appears to origi-
nate from the difference in strength of the R-matrix com-
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FIG. 2. Example of the reduced E1 S-factors for
12C(α,γ0)
16O. The solid curve is the result obtained from
the present R-matrix method. The resonance parameters are
listed in Table I. ac = 4.75 fm is used as the channel radius.
The arrow indicates the energy corresponding to the most
important Helium burning temperature. The dashed curve is
the result [42] from the potential model. The experimental
data are taken from [15, 16, 20–22].
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FIG. 3. β-delayed α-particle spectrum of 16N. The solid curve
is the result obtained from the present R-matrix method. The
resonance parameters are listed in Table I. ac = 4.75 fm is
used as the channel radius. The dotted curve is the result
from the R-matrix method for ac = 6.5 fm in Ref. [8]. The
experimental data are taken from [8, 14].
ponent between 1−1 and 1
−
2 . The 1
−
2 state holds the dom-
inant component at the energies except for E˜11 of 1
−
1 ,
even when they are close together. However, the con-
tribution from 1−2 becomes weak around E˜11, when 1
−
2
stays away from 1−1 . So, the 1
−
1 state makes the promi-
nent contribution, together with the interference with the
tail of 1−2 .
The channel radius of the present example is shorter
than ac = 6.5 fm used widely in the R-matrix analy-
ses. I, however, think that ac ≈ 4.2 – 5.2 fm is ac-
ceptable, because the classical turning point after pen-
0 1 2 3 4 5
0
90
180
Ec.m. (MeV)
L=1
Nuclear phase shifts
δN
L 
(de
g.)
R−matrix
Potential model
FIG. 4. Nuclear phase shift of L = 1 for α+12C elastic scat-
tering. The solid curve is the result obtained from the present
R-matrix method. The resonance parameters are listed in Ta-
ble I. ac = 4.75 fm is used as the channel radius. The dashed
curve is the result [42] from the potential model. The exper-
imental data are taken from [26, 28].
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FIG. 5. Difference in the formal reduced widths. The solid
curves are the formal reduced widths γ˜n1 including the higher-
order correction (Eq. (8)). The γ˜21 varies with Ec.m. because
the observed reduced width is large for the 1−
2
molecular state.
The dotted lines are obtained from the linear approximation
(Eq. (7)). ac = 4.75 fm is used as the channel radius.
etrating the barrier is approximately r = 5 fm [31] and
because the rough estimation of the contact distance is
〈r2〉1/212C + 〈r2〉1/2α ≈ 4.2 fm from the root-mean-square
radius of nuclei [51]. The present R-matrix method
has the boundary condition of b˜c = 0 (Eq. (A30)) and
bc ≡ ϕ′(ac)/ϕ(ac) ≈ 0 (Eq. (A32)). So, ac is approx-
imately equivalent to the position of the first peak of
the probability after the barrier penetration. The trans-
parency of the α+12C system, i.e. the weak interference
between α+12C and others, is found to be expressed as
the reaction with the shrinking interaction region.
To clarify the boundary condition, the reduced widths
γ2nL for 1
−
2 and 1
−
1 are illustrated in Fig. 7, as a func-
tion of ac. The thin line represents the position of
the adapted channel radius ac = 4.75 fm. γ
2
21 is ob-
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FIG. 6. Resultant R-matrix multiplied by ∆L(Ec.m.). ac =
4.75 fm is used as the channel radius. The solid curve in panel
(a) is obtained with d11 = 0 of Eq. (10). The dotted curve is
the pure component of the 1−
1
state. The observed resonance
energy of the 1−
1
state is shifted from Es11 because of the
interference with the broad 1−
2
resonance. In panel (b), the
pole energy of 1−
1
, E˜11, is adjusted with Eq. (11) to obtain the
better observed resonance energy E11. d11 = −1.0133 is used.
The interference between 1−
1
and 1−
2
seems weak. The dashed
curve is the sum of the components for the background, 1−
3
,
and 1−
4
.
tained from the wavefunction of potential scattering at
Ec.m. = 2.434 MeV [31]. In Fig. 7(a), the maximum peak
of γ221 corresponds to the adopted channel radius. The
α-particle width is obtained from Eq. (4) with Fig. 1(a)
and Fig. 7(a); Γα = 432 keV at ac = 4.75 fm. For the 1
−
1
state, γ211 is presumed from the bound state wavefunction
with the radial node ν [42]. Figure 7(b) shows the values
of γ211 with ν = 2 (dotted curve), ν = 3 (solid curve), and
ν = 4 (dashed curve). Three curves are almost identical
for ac ≥ 4.75 fm. The maximum value of γ211 may be
given around ac = 4.75 fm, because γ
2
11 is independent of
ν. The realistic value may be small in the internal region
if the 1−1 state is not described with the α+
12C config-
uration. Suppose γ211 is the maximum at ac = 4.75 fm,
the 1−1 state also seems to satisfy bc ≈ 0 at this radius.
The smallE1 S-factor at low energies could be found in
literature. In Figs. 16 and 18 of Ref. [8], the χ2 minimum
can be found at the smallE1 S-factor. The photo-nuclear
reaction of 16O(γ,α)12C also expects the small E1 values
[52]. The small E1 S-factor with the deep dip below the
barrier can be made by the strong destructive interfer-
ence between the 1−1 and 1
−
2 states (e.g. [17, 21, 53]). The
better reproduction of the β-delayed α-particle spectrum
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FIG. 7. Reduced widths γ2nL for 1
−
2
and 1−
1
, as a function of
the channel radius ac. The thin line represents the adapted
channel radius ac = 4.75 fm. (a) γ
2
21 is obtained from the
wavefunction of potential scattering at Ec.m. = 2.434 MeV
[31]. (b) γ211 is calculated from the bound state wavefunction
with the different radial node ν [31, 42]: ν = 2 (dotted curve),
ν = 3 (solid curve), and ν = 4 (dashed curve).
data and the reduced E1 S-factor have been reported to
be obtained with the complex β-decay feeding amplitude
[54]. The present R-matrix calculation might be one of
the relatives of the previous analyses mentioned here. It
is, however, noted that γ11 and γ21 in the present article
are derived from the α+12C potential model. In addi-
tion, I include the higher-order correction to the linear
approximation. So, I reckon that the small E1 S-factor
can be steadied by Eq. (9). The R-matrix method does
not depend on the procedure for generating the internal
wavefunction. If the similar boundary is obtained from
other theoretical models, the corresponding E1 S-factor
would not be enhanced by the subthreshold state.
B. Sensitivity to the channel radius in the E1
S-factor
Figure 8 shows the sensitivity to the channel radius in
the E1 S-factor for 12C(α,γ0)
16O. The solid and dashed
curves are the calculated results with ac = 4.75 fm (Ta-
ble I) and ac = 6.5 fm (Table II), respectively. The solid
curve is the same as that in Fig. 2, and the E1 S-factor
is not enhanced at low energies. However, I find from
this figure that it is enhanced by the subthreshold 1−1
state if ac = 6.5 fm is used. The corresponding nuclear
phase shift of L = 1 for elastic scattering is shown in
Fig. 9(a). The experimental phase shift data appear to
be reproduced within the same quality.
The channel radius manipulates the enhancement of
the E1 S-factor at low energies. The large channel ra-
dius expands the strong interacting region, along with the
high penetrability of the Coulomb barrier, and it makes
the process more reactive. The contribution from the
state below the barrier is consequently magnified, even
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100
101
102
103
E1
Ec.m. (MeV)
S−
fa
ct
or
s (
ke
V 
b)
1−21−1
ac= 4.75 fm
ac= 6.5 fm
12C(α,γ)16O
R−matrix
FIG. 8. Sensitivity to the channel radius in the E1 S-factor
for 12C(α,γ0)
16O. The solid and dashed curves are obtained
from ac = 4.75 fm (Table I) and ac = 6.5 fm (Table II),
respectively. The experimental data are taken from [15, 16,
20–22].
though the dimensionless width becomes small. The use
of the large channel radius is equivalent to the reduc-
tion of the barrier, and it apparently makes the strong
interference between the states.
One may think that the channel radius ac is the pa-
rameter for convenience of calculation, and that the cal-
culated physical observable should be independent of the
artificial parameter. Surely, ac is the adjustable free pa-
rameter, but at the same time it defines the radius of the
strong absorptive region or strongly interacting region.
After the fit to the experimental data, the calculated re-
sult is insensitive to the small variation of ac involving
other buffer parameters. Furthermore, the consistent de-
scription of multiple observables, e.g. the phase shifts
and cross sections, appears to impose a constraint on ac.
The background resonance makes the theoretical
patchwork to the assumed interacting region with sharp-
cut edge. The phase shift of hard-sphere scattering ap-
pears in the negative angles, δHSL < 0, as shown in
Fig. 9(b). In addition, if the channel radius is large,
the absolute value of δHSL becomes large for Ec.m. ≥ 2
MeV. Consequently, the broad background resonance
is required to cancel out the hard-sphere phase shift
(e.g. [36]). If the background resonance is adjusted well,
the R-matrix calculation with any choice of ac may re-
produce the phase shift data in the same quality. It is,
however, noted that the calculation exceeds the Wigner
sum rule limit [55] substantially because of the hypo-
thetical background state. To avoid the confusion, I
adopted the energy independent background in Eq. (A8).
The background is Rα1 = 0.0432 for ac = 4.75 fm and
Rα1 = 0.2065 for ac = 6.5 fm. For ac = 4.75 fm in
Ec.m. < 3 MeV, the contribution from the background is
small, namely, the absolute value of the sum of the R-
matrix for the background, 1−3 , and 1
−
4 is less than 10% of
the magnitude for 1−1 and 1
−
2 . (dashed curve in Fig. 6(b))
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FIG. 9. (a) Nuclear phase shift of L = 1 for α+12C elas-
tic scattering. The solid and dashed curves are the results
obtained from the R-matrix method with ac = 4.75 fm and
6.5 fm. The resonance parameters are listed in Tables I and
II. The experimental data are taken from [26, 28]. (b) Hard-
sphere phase shift of L = 1 for α+12C elastic scattering. The
solid curves are calculated from the channel radius ac = 3.5,
4.5, 5.5, and 6.5 fm.
On the other hand, the background for ac = 6.5 fm af-
fects the result below the barrier, considerably.
In Table I, the observed γ21 for the 1
−
2 state is the
largest of the considered states. This is because the 1−2
state is the member of the α+12C molecular bands. The
present R-matrix reproduces the observed width of 1−2 ,
Γ21 = (420 ± 20) keV [48]. This means that the calcu-
lated 1−2 state has the appropriate α-decay property. In
contrast, Γ21 from the present model with ac = 6.5 fm
is Γ21 = 570 keV because the reduced width is large for
the molecular state. (Table II) Therefore, the present re-
sult for ac = 6.5 fm is discarded. The previous R-matrix
analyses gave the slightly narrow α-particle width of 1−2 :
e.g. Γ21 = 359 keV [8], Γ21 = 388 keV [5], and Γ21 = 322
keV [50]. These are obtained from ac = 6.5 fm. The
α-decay property of 1−2 does not seem to be reproduced
well in [5, 8, 50]. This may have been caused by the im-
plicit assumption that the 12C(α,γ)16O reaction would
happen in compound nucleus reactions for low energies.
The θ211 is derived from ANC of the 1
−
1 state corre-
sponding to the α-particle spectroscopic factor, Sα ≈ 0.3
[42]. θ211 = 0.128 is obtained for ac = 4.75 fm. This
value seems quite large. θ211 = 0.020 for ac = 6.5 fm in
Table II appears to be comparable with e.g. θ211 ≈ 0.016
[5], 0.0096–0.0166 [6], 0.017 [7], and 0.013 [8, 14, 50].
8TABLE II. Same as Table I, but for ac = 6.5 fm.
Lpin EnL (MeV) γnL (MeV)
1/2 ΓnL (keV) θ
2
nL E˜nL (MeV) γ˜nL (MeV)
1/2
1−
1
-0.0451 -0.100 0.020 -0.0603 -0.100
1−
2
2.423 0.533 570 0.574 2.061 0.617
1−
3
5.278 0.105 85 0.022 5.275 0.105
1−
4
5.928 -0.057 28 0.007 5.927 -0.057
The surface probability of α-particle obviously depends
on the channel radius. Not only the α+12C configuration
in the 1−1 state but also the channel radius is significant
in the determination of the E1 S-factor at Ec.m. = 300
keV. The position of “surface” influences the destinies of
the R-matrix calculation. The ANC can be determined
from the indirect measurements. I, however, reckon that
their analyses created the strong E1 enhancement of the
S-factor when the R-matrix code was invoked.
In the present article, the reduced E1 S-factor at low
energies is exemplified by the small interacting region
along with the low penetrability, in addition to the well-
developed 1−2 molecular resonance. Judging from the de-
cay property and the equivalence of the potential model,
I consider that the reduced E1 S-factor would rather be
preferable than the strong E1 enhancement.
IV. SUMMARY
I have exemplified the low-energy E1 S-factor of
12C(α,γ0)
16O with the R-matrix theory. The reduced
α-particle widths of the 1−1 and 1
−
2 states are extracted
from the potential model. The formal parameters are
examined with the higher-order correction to the shift
function. The correction enables me to use the small
channel radius usually discarded. I have also assessed
the sensitivity to the channel radius ac.
As an example, I have illustrated the reduced E1 S-
factor with ac = 4.75 fm. The corresponding β-delayed
α-particle spectrum of 16N and the p-wave phase shift
for α+12C elastic scattering are consistent with the pre-
vious studies. The adopted channel radius is shorter than
that used in the previous R-matrix analyses. However, I
have found that the transparency of the α+12C system,
i.e. the weak interference between α+12C and others,
is expressed as the reaction with the shrinking interac-
tion region. The energy shift of the pole for 1−2 is large
because the reduced width is large. The pole of 1−2 is
located in the vicinity of the subthreshold 1−1 state. The
proximity of two poles suppresses the coupling between
the states. Under the circumstance, the low-energy E1
S-factor is not strongly enhanced even if the 1−1 state has
the component of the α+12C configuration corresponding
to C2 = 5.0× 1028 fm−1.
The channel radius controls the enhancement of the
E1 S-factor at low energies. If ac = 6.5 fm is used, the
E1 S-factor is enhanced by the subthreshold state. The
large ac leads to the high penetrability of the Coulomb
barrier, and it facilitates the interference between the 1−1
and 1−2 states. However, the α-decay property of 1
−
2 is
not reproduced by the model because of the large reduced
width.
The reduced E1 S-factor in the present article is con-
sistent with the previous result [42] from the potential
model and the experimental decay property. In addi-
tion, the reduction of the E1 transition appears to be
consistent with the recent experimental results [15, 16]
of the 90◦ minimum γ-ray angular distribution around
Ec.m. = 1.3 MeV [42]. I, therefore, consider that the
reduced E1 S-factor would rather be preferable than
the E1 enhancement associated with the strong cou-
pling mechanism. And I think that the reaction rates of
12C(α,γ)16O are determined by the direct-capture com-
ponent [46, 47]. In the future, the reduced E1 S-factor
and reaction mechanism will be investigated in the photo-
disintegration of 16O [56, 57], in which the cross section
is expected to be measured more accurately.
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Appendix A: R-matrix method
The R-matrix theory is the powerful tool to evaluate
the low-energy nuclear reactions [35–41]. The conven-
tionalR-matrix method gives the experimental quantities
by adjusting the boundary condition through the reso-
nance parameters, without calculating the wavefunction
of compound nucleus numerically. From the importance
of the nuclear surface, one may recall the compound nu-
clear reaction with strong coupling. However, it also de-
scribes the single-particle motion in the low-energy reac-
tion. Recently, the R-matrix method has been used ex-
tensively to obtain the solution of low-energy nuclear re-
actions by the spherical interacting region with sharp-cut
edge. In the conventional method, the R-matrix is gen-
erated by a bunch of the resonance parameters. In Ap-
pendix A, I describe the basic formula for the R-matrix
9theory used in the present article.
1. α+12C elastic scattering
The radial wavefunction of the relative motion between
α+12C is divided into two regions at a channel radius ac.
The ac is defined at the distance, where α and
12C are
well-distinguished. The compound nucleus is formed in
the spherical region of r < ac. The wavefunction for
Ec.m. > 0 in the external region (r > ac) is defined as
χExtL (ki, r)
=
i
2
√
2
pi~v
[ IL(kir) − ULOL(kir) ] , (A1)
= ei(δ
C
L+δ
N
L )
√
2
pi~v
[
FL(kir) cos δ
N
L +GL(kir) sin δ
N
L
]
,
(A2)
where IL(kir) and OL(kir) are the incoming and out-
going Coulomb wave functions, IL(kir) = O
∗
L(kir) =
exp(iδCL)[GL(kir) − iFL(kir)]. FL(kir) and GL(kir) are
the regular and irregular Coulomb wave functions, re-
spectively. δCL and δ
N
L are the Coulomb and nuclear phase
shifts. L is the angular momentum of the relative motion
between two nuclei. UL denotes the collision matrix. ki
is the wave number, ki =
√
2µEc.m./~2; µ is the reduced
mass. v is the velocity of the relative motion between α
and 12C nuclei. The wave function in the internal region
(r ≤ ac) is expanded by arbitrary orthogonal functions
ϕ˜nL(r).
χIntL (r) =
∑
n
AnLϕ˜nL(r), (A3)
where AnL is the coefficient of the expansion.
The collision matrix UL in Eq. (A1) is given by,
UL =
IL(kiac)
OL(kiac)
· 1− [L
∗
L(kiac)− acb˜c]RL
1− [LL(kiac)− acb˜c]RL
, (A4)
where b˜c is the logarithmic derivative of the internal
wavefunction at ac, defined in Appendix A.5. LL(kiac) is
the logarithmic derivative of the outgoing Coulomb func-
tion, and it is defined, as follows:
LL(kiac) = ac
d
dr
lnOL(kir)
∣∣
r=ac
= ∆L(Ec.m., ac) + iPL(Ec.m., ac). (A5)
The real and imaginary parts of LL(kiac) are the shift
function ∆L and the penetration factor PL, respectively.
They are defined by
∆L(Ec.m., ac) = PL(Ec.m., ac)[GL(kiac)G
′
L(kiac)
+ FL(kiac)F
′
L(kiac)], (A6)
PL(Ec.m., ac) =
kiac
G2L(kiac) + F
2
L(kiac)
. (A7)
In Eq. (A4), RL denotes R-matrix for elastic scattering,
defined as the inverse logarithmic derivative of the inter-
nal wave function at r = ac. It is expressed as
RL(Ec.m.) =
∑
n
γ˜2nL
E˜nL − Ec.m.
+RαL, (A8)
where E˜nL and γ˜nL are the formal resonance energy and
the formal reduced width of the nth resonance. RαL is
the energy-independent background. The contributions
from poles at high excitation energies are included in
the non-resonant contribution. The collision matrix is
alternatively expressed as
UL = e
2i(δCL+δ
HS
L +δ
R
L), (A9)
where δHSL and δ
R
L are the hard-sphere phase shift and
the R-matrix phase shift, respectively. They are given in
δHSL = − arctan
FL(kiac)
GL(kiac)
, (A10)
δRL = arctan
PL(Ec.m., ac)RL(Ec.m.)
1− [∆L(Ec.m., ac)− acb˜c]RL(Ec.m.)
.
(A11)
The hard-sphere scattering comes from the interacting
region defined by ac. So, the nuclear phase shift for elas-
tic scattering is defined by δNL ≡ δHSL + δRL .
The coefficient AnL is obtained from the continuities
of the wave function at r = ac. Using Eqs. (A1) and
(A3), AnL is deduced in the following form,
AnL =
ei(δ
C
L+δ
N
L)√
2pi
√
2PL(Ec.m., ac)
| 1− [LL(kiac)− acb˜c]RL(Ec.m.) |
· γ˜nL
E˜nL − Ec.m.
. (A12)
2. 12C(α,γ0)
16O reaction
The radiative capture cross sections for 12C(α,γ0)
16O
are given by,
σEλ(Ec.m.) =
pi
k2i
(2L+ 1)
∣∣TEλ(Ec.m.) ∣∣2 , (A13)
where TEλ is the transition amplitude of the multipolar-
ity λ. Note that λ = L is found in 12C(α,γ0)
16O. From
the division of the radial integrals, TEL is separated into
two parts,
TEL(Ec.m.) = T
EL
Int (Ec.m.) + T
EL
Ext(Ec.m.). (A14)
The external term for E1 transition is vanished by the
iso-spin selection rule. The internal part is given by
TELInt (Ec.m.) =
ei(δ
C
L+δ
N
L)
√
2PL(Ec.m., ac)
| 1− [LL(kiac)− acb˜c]RL(Ec.m.) |
·
∑
n
γ˜nL
√
Γ˜ELγn
E˜nL − Ec.m.
(
Ec.m.−Eg
EnL−Eg
) 2L+1
2
,
(A15)
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where Γ˜ELγn denotes the formal γ-width. Eg is the ground-
state energy, Eg = −7.162 MeV. The formal γ-width is
assumed to be given from the observed γ-width ΓELγn , as
follows:
Γ˜ELγn = Γ
EL
γn [ 1 + γ˜
2
nL∆
′
L(EnL, ac) ], (A16)
The observed γ-widths are taken from [5, 48]: ΓE1γ1 =
5.5× 10−2 eV, ΓE1γ2 = 1.56× 10−2 eV, ΓE1γ3 = 12 eV, and
ΓE1γ4 = 32 eV.
The astrophysical S-factor is used, instead of the cap-
ture cross section, to compensate for the rapid energy
variation below the barrier. The S-factor is defined as
SEL(Ec.m.) = Ec.m. exp(2piη)σEL(Ec.m.), (A17)
where η is the Sommerfeld parameter, η = 12e2/(~v).
3. β-delayed α-particle spectrum of 16N
The β-delayed α-particle spectrum of 16N is given only
from the internal region, as follows:
Nα(Ec.m.)
= fβ(Ec.m.)
∑
L
PL(Ec.m., ac)
·
∣∣∣∣∣
∑
n γ˜nLBnL/(E˜nL − Ec.m.) +RβL
1− [LL(kiac)− acb˜c]RL(Ec.m.)
∣∣∣∣∣
2
, (A18)
whereBnL is the β-feeding amplitude. RβL is the energy-
independent background. fβ(Ec.m.) is the integrated
Fermi function for the β-allowed transition, and it is
given by
fβ(Ec.m.) =
∫ Qβ
mec2
F (Z,Ee)peEe(Qβ − Ee)2dEe,
(A19)
where Ee and pe are the energy and momentum of the
emitted electron, respectively. F (Z,Ee) is the Fermi
function; Z denotes the charge of the daughter nucleus,
Z = 8. Qβ is the Q-value for β-decay, defined as
the mass difference between parent and daughter nuclei,
Ec.m. = Qβ − Ee. mec2 is the rest mass of electron.
The value of B11 for the subthreshold 1
−
1 state is given
by
B211 =
Nc
pifβ(E11)
Y1
Y2
, (A20)
where Yn is the β-decay branching ratio of
16N to the
1−n state: Y1 = (4.8 ± 0.4)× 10−2, Y2 = (1.20 ± 0.05)×
10−5 [48]. Nc is the total number of count. Thus, I find
B11/
√
Nc = (1.30 ± 0.08). B21 for 1−2 and RβL are the
adjustable parameters. B31 and B41 are set to be zero.
4. Linear approximation of the formal parameters
The relation between the parameters is obtained from
the phase equivalence in the R-matrix and Breit-Wigner
formula. From Eqs. (A8) and (A11), the phase shift of
the single pole is obtained in the R-matrix theory as
δRL
= arctan
(
Γ˜nL/2
E˜nL − Ec.m. − γ˜2nL[∆L(Ec.m., ac)− acb˜c]
)
.
(A21)
For the Breit-Wigner formula, the phase shift is given by
δBW = arctan
(
ΓnL/2
EnL − Ec.m.
)
. (A22)
So, δBW = δ
R
L is found, if the formal parameters are
defined as
E˜nL = EnL + γ˜
2
nL[∆L(EnL, ac)− acb˜c], (A23)
γ˜2nL =
γ2nL
1− γ2nL∆′L(EnL, ac)
. (A24)
To obtain Eqs. (A23) and (A24), the linear approxima-
tion to the shift function is used,
∆L(Ec.m., ac) ≈ ∆L(EnL, ac)
+ (Ec.m. − EnL)∆′L(EnL, ac). (A25)
In general, Eq. (A25) is assumed to be accurate. I assess
the linear approximation in the present article, including
the higher-order terms of expansion.
If the multi-poles should be considered in R-matrix,
the observed resonance energy is given by δRL = pi/2, and
it satisfies the relation of
[∆L(EnL, ac)− acb˜c]RL(EnL) = 1. (A26)
5. Orthogonality of the internal wavefunctions
The internal wavefunctions ϕ˜nL are supposed to be or-
thonormal over the interaction region although they are
not numerically obtained. The nth internal wave satisfies[
− ~
2
2µ
( d2
dr2
− L(L+ 1)
r2
)
+ Vˆ
]
ϕ˜nL = E˜nL ϕ˜nL,
(A27)
where Vˆ is interaction. The n′th internal wave satisfies
the similar equation. Subtracting Eq. (A27) multiplied
by ϕ˜n′L from the exchanged equation, I obtain
− ~
2
2µ
[
ϕ˜nL(r)ϕ˜
′′
n′L(r) − ϕ˜n′L(r)ϕ˜′′nL(r)
]
= (E˜n′L − E˜nL) ϕ˜nL(r)ϕ˜n′L(r). (A28)
If this equation is integrated from r = 0 to r = ac, I find∫ ac
0
ϕ˜nL(r)ϕ˜n′L(r)dr = δnn′ . (A29)
11
To obtain Eq. (A29), the logarithmic derivative b˜c of nth
state is assumed to be the same as that of n′th state,
b˜c ≡ ϕ˜
′
nL(ac)
ϕ˜nL(ac)
=
ϕ˜′n′L(ac)
ϕ˜n′L(ac)
. (A30)
b˜c is an arbitrary constant in the R-matrix theory. Using
Eq. (A24), it is also defined as
b˜c =
1
1− γ2nL∆′L(EnL, ac)
[
bnL +
γ2nL
2
·
(
−∆
′
L(EnL, ac)
ac
+
d∆′L(EnL, ac)
dr
)]
, (A31)
where bnL = ϕ
′
nL(ac)/ϕnL(ac). ϕnL(r) is the internal
wavefunction for the observed energy EnL. If b˜c = 0 is
used, I find
bnL =
γ2nL
2
(
∆′L(EnL, ac)
ac
− d∆
′
L(EnL, ac)
dr
)
.
(A32)
bnL is dependent on states and ac. In addition, bnL de-
pends on energy if the higher-order correction of Eq. (9)
is included. If γ2nL ≪ 1, b˜c ≈ bc is found, bc ≡ bnL ≈ bn′L.
In the present article, I use b˜c = 0. Therefore, ϕ˜nL(r)
satisfies the orthogonality by the definition. For ϕnL(r),
bc = b11 ≈ b21 ≈ 0 is found in Fig. 7 and Eq. (A32).
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